In this paper we introduce a surgery of a certain type on K-contact manifolds. As an application we classify the di¨eomorphism types of all closed simply connected 5-dimensional K-contact manifolds of rank 3.
Introduction
We consider a contact manifold MY endowed with some geometric structure: a Riemannian metric g such that the contact¯ow t is isometric. In this case we call MY Y g and t a K-contact manifold and K-contact ow, respectively. If M is compact, the closure of the 1-parameter subgroup f t j t e Rg in the isometry group of MY g generated by a K-contact¯ow is a compact connected abelian Lie group, hence is isomorphic to T k for some integer k. Thus a compact K-contact manifold has an action of the torus T k containing the contact¯ow as a dense subgroup. Conversely if a contact manifold MY has a T k -action such as above, there exists a metric g on M such that MY Y g is a K-contact manifold ( [12] ). We call the K-contact manifold with this T k -action a K-contact manifold of rank k. In this paper, using the property of the T kaction on a K-contact manifold, we show that a surgery along a closed orbit of the K-contact¯ow produces a new K-contact manifold.
Let MY Y g be a 2n 1-dimensional K-contact manifold of rank k. We take a closed orbit O through a point x in M of the K-contact¯ow. (It is known that there exists such an orbit for any K-contact¯ow ( [2] fwY z e C Â C n j jwj a bY jzj 1g along their boundaries S 1 Â S 2nÀ1 in such a way that the T k -action is extended to the whole of D 2 b Â S 2nÀ1 . This produces a new manifoldM with T k -action. In section 3 we show that this surgery is carried out in the category of K-contact manifolds of rank k. First we describe the normal form of the K-contact form on S 1 Â D 2n e .
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Next we construct a K-contact form and a
e . As a result we obtain a contact form onM such that the 1-parameter subgroup generated by the contact¯ow of is dense subgroup in T k . Therefore there exists a metricg onM such that MYYg is a K-contact manifold of rank k. This surgery is called K-contact surgery. In the case of the 2n 1-dimensional K-contact manifold of rank n 1, K-contact surgery increases the number of the closed orbit of the K-contact¯ow by n À 1.
In section 4, as an application we give the classi®cation of closed simply connected 5-manifolds which admit a structure of K-contact manifold of rank 3.
Torus action on K-contact manifold
In this section we brie¯y describe the de®nition of K-contact manifold and the T k -action on it. For detail see [12] . A one-form on a smooth 2n 1-dimensional manifold M is called a contact form if S d n is everywhere non-zero. The pair MY is called a contact manifold. A contact manifold carries a vector ®eld Z which is uniquely determined by the equations Z 1 and dZY Á 0. We call Z and the¯ow t generated by Z the Reeb vector ®eld and the contact¯ow, respectively. A 2n-dimensional distribution D Ker is called a contact structure. From the de®nition of and D, it is obvious that d is non-degenerate on D. Namely d induces a symplectic structure on D. In this case, it is well-known that there exist a positive de®nite inner product g T and an almost complex structure
We extend g T on D to the whole TM as a symmetric bilinear form by requiring g T ZY X 0 for X e TM. Thus we get a Riemannian metric g g T l n , which is called a contact metric. If there exists a contact metric g such that L Z g 0, the triple MY Y g is called K-contact manifold and the¯ow generated by Z is called a K-contact¯ow.
A K-contact manifold carries the torus action as follows:
). Let MY be a 2n 1-dimensional contact manifold and t be the contact¯ow. If we assume that M is compact, the following statements are equivalent.
1) There exists a contact metric g such that MY Y g is a K-contact manifold.
2) There exists a smooth e¨ective T k -action fh u j u e T k g on M, which contains the contact¯ow f t h gt g as a dense subgroup. In this situation, 1 a k a n 1 follows. Remark 2.2. (1) From Proposition 2.1, we see that for some rationally independent real constants l 0 Y F F F Y l kÀ1 and the standard integral basis e 0 Y F F F Y e kÀ1 of LieT k , the Reeb vector ®eld Z on a K-contact manifold takes the form on a surgery of K-contact manifolds
(2) Given a compact K-contact manifold MY Y g, the torus T k in Proposition 2.1 is obtained as the closure of the K-contact¯ow f t j t e Rg in the isometry group of MY g. In this paper we always choose the basis e 0 Y F F F Y e kÀ1 of LieT
Definition 2.3. MY Y g is called a K-contact manifold of rank k if the closure of the K-contact¯ow f t j t e Rg in the isometry group of MY g is isomorphic to a k-dimensional torus T k .
K-contact surgery
In this section, ®rst we will give a description of the neighborhood of a closed orbit of the K-contact¯ow. Using this description, we will introduce a surgery along a closed orbit of the K-contact¯ow. In [2] the following result is proved:
Theorem 3.1 [2] . Any K-contact¯ow has at least two closed orbit.
It follows that we can carry out a surgery for any K-contact¯ow.
Let MY Y g be a K-contact manifold of rank k. Let Z and t be the Reeb vector ®eld and the K-contact¯ow of MY Y g, respectively. Notice that if the orbit t Á x of the K-contact¯ow t through a point x in M is closed, then t Á x coincides with the
where p is an integer. However we only consider the closed orbit
, because all of the construction will be carried out to be Za pZ-invariant. We will give a local description of the K-contact form, the Reeb vector ®eld and the T k -action on the
Let D be the contact distribution Ker and RZ the trivial line bundle spanned by Z. Then by the de®nition of the K-contact metric g, we have T x O RZ x and T x O c D x , where T x O c is the orthogonal complement of T x O with respect to g. Let B be a ball in the tangent space T x M at x such that the exponential map exp x of g is a di¨eomorphism. Put 
Note that the restriction of f to the zero section is the identity map. The map
where r denote the linear representation
whose restriction to O is the identity map. In this situation, we have the following:
e is given by
are rationally independent positive real numbers.
4) The Reeb vector ®eld Z 0 of 0 is given by
Proof. The proof is completely analogous to the one in [1] . We consider the contact form 1 
the action of T kÀ1 is given by
, we have
with respect to the coordinate e À1 p
, where q 0 is a T kinvariant smooth function on
. Hence we have
Here we can choose h to be a T k -invariant smooth function on S 1 Â D 2n e 2 such that its restriction h j S 1 Â f0g to S 1 Â f0g is equal to 0. We put t 0 tdh 0 a t a 1, where 0 q 0 dy 0 À1 p a2 n i1 z i dz i À z i dz i . Since the restriction of t to S 1 is the contact form 0 for all t (because h j S 1 Â f0g 0), there exists a smaller neighborhood
on which t is the contact form. Let Z t be the Reeb vector ®eld of t and put X t ÀhZ t . Since X t 0 0 for all x e S 1 , there exists a smaller neighborhood
of S 1 on which X t can be integrated to a time dependent embedding
with j t x x for all x e S 1 . We have
This means that j
e . Since h and Z t are T k -invariant, so is X t . This implies j t is T k -equivariant. It follows that there exists a
e is given by (3.1).
From Remark 2.2, the Reeb vector ®eld Z 0 of 0 takes the form
for rationally independent positive real numbers l 0 Y F F F Y l kÀ1 . From the equation 0 Z 0 1, we have q 0 1al 0 f1 À n i1 kÀ1 j1 l j m ij z i z i g. Therefore we obtain 3).
q.e.d. 
We have the following modi®cation of the K-contact form and its Reeb vector ®eld on the T k -invariant open neighborhood U of the closed orbit O of the K-contact¯ow.
e with the coordinate e À1 p
Then we have the followings.
1) The T k -action is given by
kÀ1 v n on the right hand side (resp. (3.1) on the left hand side).
(2)
3) The Reeb vector ®eld Z N of N is given by
This lemma is easily obtained by direct calculations.
on a surgery of K-contact manifolds
We will construct a K-contact fom N and a T k -action on D For N z 1 Y F F F Y z n we de®ne a K-contact form N , a Reeb vector ®eldZ N , and a T k -action on C Â S 2nÀ1 fre À1 p 
Here the T k -action is given by (3.1) on the left hand side (resp. (3.10) on the right hand side).
gives a T k -equivariant di¨eomorphism and satis®es H Ã N g À1 Ã N . Take a composition map p X H g j N of the above g, H and j N de®ned by (3.4) , and consider the map restricted to
LetM be a manifold obtained by gluing
2nÀ1 by the map p j, that is,
Then we have the following:
Theorem 3.6. There exists a contact metricg onM such that MYYg is a K-contact manifold of rank k.
Proof. By Proposition 3.5, we see that there exists a contact form onM which equals to on M Ã and equals to N on D 2 b Â S 2nÀ1 . Since the T k -action on M preserves M Ã and p j is T k -equivariant, there exists a well de®ned T k -action onM. From the construction we see that the closure of the contact ow of every point x eM coincides with the T k -orbit of x. Therefore, from Proposition 2.1, there exists a contact metricg onM such that MYYg is a Kcontact manifold of rank k.
q.e.d.
Remark 3.8. (1) Applying K-contact surgery of weight N z 1 Y F F F Y z n to 2n 1-dimensional K-contact manifold of rank n 1, the number of the closed orbits of the K-contact¯ow increases by n À 1 at a time. In the case of 2n 1-dimensional K-contact manifold of rank n, a similar phenomenon is also realized, if we take the weight
on a surgery of K-contact manifolds(2) In general we can take only su½ciently small one as the radius e of the
e in Proposition 3.2, so that we have to take su½ciently large one as the weight N z 1 Y F F F Y z n of K-contact surgery. It seems important to clarify the both relation in concrete examples.
(3) It is possible to perform a reverse operation of the above K-contact surgery in some situation. Let MY Y g be a 2n 1-dimensional K-contact manifold of rank k. Consider a unit sphere S 2nÀ1 fw 1 Y F F F Y w n e C n j n i1 w i w i 1g and the K-contact form A À1 p a2 n i1 1aa i w i d w i À w i dw i in (3.8) and the T k -action restricted to the factor w 1 Y F F F Y w n of (3.10) on it. Assume that there exists a
Y N by the map p, then we see that there exists a K-contact form on M Mnp À1 f0g Â S 2nÀ1 S 1 Â Ba 1 Y F F F Y a n 1d by Proposition 3.5.
5-dimensional K-contact manifolds of rank 3
In this section we will study the T k -equivariant di¨eomorphism type and the di¨eomorphism type of the result of a K-contact surgery of weight
First we will consider the T k -equivariant di¨eomorphism type. Let M 1 and M 2 be two n-manifolds with an e¨ective T k -actions (we call them T k -manifold). Suppose that there exist orbits O 1 and O 2 which are di¨eomorphic to S 1 on M 1 and M 2 . Then there is an operation to obtain a new T k -manifold as follows ( [6] , [10] ). Using the T k -invariant Riemannian metric, for i 1Y 2, we take a framing of the normal bundle
of O 1 and O 2 from M 1 and M 2 , attach their complements along boundaries S 1 Â S nÀ2 by a T k -equivariant di¨eomorphism. The resulting manifold is also a T k -manifold and is denoted by M 1 S 1 M 2 . The operation of K-contact surgery of weight N z 1 Y F F F Y z n can also be formulated as above. We take a K-contact manifold MY Y g of rank k and S 2n1 fw 0 Y F F F Y w n e C n1 j n j0 w j w j 1g with the T k -action de®ned by
Moreover take the closed orbit of the K-contact¯ow on M and S 1 fw 0 Y F F F Y w n e S 2n1 j w 1 Á Á Á w n 0g r S 2n1 as T k -orbits to be di¨eomorphic to S 1 . Then we obtain a T kmanifold M S 1 S 2n1 , which is T k -equivariantly di¨eomorphic to the manifold M obtained by the K-contact surgery of weight
) Thus the following proposition holds.
carries a structure of K-contact manifold of rank k.
To study the di¨eomorphism type of the result of a K-contact surgery of weight N z 1 Y F F F Y z n , we need the following notation. Let MY Y g be a 2n 1-dimensional K-contact manifold of rank k. Let j À1 j N X S 1 Â Ba 1 Y F F F Y a n 1d 3 M be the T k -equivariant contact embedding in De®nition 3.7 which is determined by the framing of the closed orbit O of the K-contact¯ow. Suppose dim M b 5 and the embedded S 1 by the map restricted to S 1 Â f0g of j À1 j N bounds a 2-disk. From Lemma 4.3 together with Theorem 3.6 we have the following: (2) If the embedded S 1 to any closed orbit of the K-contact¯ow bounds a disk, thenM obtained by a K-contact surgery is always di¨eomorphic either to MS 2 Â S 2nÀ1 or to MS 2Ẫ S 2nÀ1 .
on a surgery of K-contact manifolds
